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Lagrangian Mechanics

Lagrangian function:

L ET(qjaqjat)_U(qjat)

Euler-Lagrange equations of motion:
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Lagrangian Mechanics:

\
oL : .
— = generalized force, jth component
| oL _da
> oq, dt aq,
— = generalized momentum, jth component
q; generalized force
_/ = rate of change of

generalized momentum

@ Double Pendulum

%! 4 &(, 4 o
= Qa cos B, ﬁc*ﬂlcz ;¢,
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@ Dhouble Pendulum

After a bit of algebra ...

1 . . . ..
L= E[mllfgzﬁf +MIE + M +2ml,Lg, g, cos(d —4,) |+ g[ m, cosg, +myl, cosg, +myl, cos, |

oL_do. ood_dal

The equations of motion are found from —=—— and —=——-
O¢, dt 04, O¢, dt 0g,

Let’s explore the case wherem; =m, and |, =1, :
ml?r . . . .o
L= T[¢12 +@7 + 4 +2¢ ¢, cos(¢ —¢2)]+ gml[2cos g, +cos g, |

The equations of motion are then

20+, cos(dh - )+ 6 sin( - ) + 2 sing =0

G+ cos(@h - )~ sin — )+ >Lsing, =0

@ Double Pendulum

The equations of motion can be put into matrix form:

M®d = -K®

@Z{ﬂ M{(mﬁmz)L1 mleLz} K:[(ml+m2)ng 0 }
¢2 ’ mZLlLZ mZLi ’ 0 ngLZ

The solutions can be expressed in complex form:

8 ]-retz e[ fonetory e[ 2o e 2 o)

] ) _a)ZMaelwt — _Kaeia)t
As a result, we get an eigenvalue equation;
solutions exist if the determinant of the » [K — sz] a=0

characteristic equation is zero:

)

= if\K—sz\=o
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Lagrangian Mechanics: Extracting Forces
Lagrange multipliers

Holonomic equations £
LD=0
of constraint: CIRY

of / Taylor:
Generalized forces:  Q =4, P i=L23,....s R

]

j=1,2,3,...,8
k=1,2,3,....m

The Euler-Lagrange i-i-z/lk of d oL
aq; T o9

Equation becomes: j N dt oq, ’

Hamiltonian Mechanics

Hamiltonian function:

. . oL :
H=> p,d,—L(0.G1)  where Pi=gq 1(H =T+U)
i J : for conservative
Hamilton’s equations of motion: :L o _stfe_m_s o
. oH . oH
pp=—— | and | g, =—, | k=12,3,...,8
0q, OPy

2s 1st order differential equations
(c.p. Lagrange method: n 2" order DEs)

-




